INDICES

INTRODUCTION

In our earlier classes, we have been multiplying a number by itself. 2 x 2,3 x3x 3,5x5 x5 x 5,
axa,xx x X x are examples of repeated multiplication. Think of a situation when a number is multiplied by
itself say 20 times or 30 times. Is it not time consuming to write 3x3x 3. .. 20 times or 4 x4 x4 x ..., 30 times?
To overcome this difficulty, we study the concept of indices. In this chapter, we shall study the concept of
exponents (also known as indices), positive indices, negative indices or zero index and fractional indices.
We shall also learn laws of exponents and shall use them in problems of simplification.

% IRINDICES
We know that
2x2=22
2x2x2=23
2 2 [2]2
_.x_: Sl
3°3 (3
5 5 5 5 (5)‘*
M Bz |
11711 11 11 \n
Similarly,

xxx=x2
XX XX=x2
xXxXxxxx=xt

AXAXXK XX g
n times
We read 22, x3, x4, . . x" as second, third, fourth, . . ., nth power of x.
Thus, in 12, index or power of x is 2. Alternatively we say that exponent of x is 2 x is
called the base.
Remarks
1. We also read x" as x raised to the nth power

2. Plural of ‘index’ is indices.

Definition
An exponent or index is a number which indicates how many times another number,
the base, is being used as a repeated factor.

X LAws OF INDICES

We give below the laws of indices :

(i) x™ x x" = x™*", where m and n are +ve integers and x is a real number.
(i) (x™)" = x™, where m and n are +ve integers and x is a real number.

(i) x™ + x" = x™, where m and n are +ve integers (m > n) and x is a non zero real number.
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(tv) (xy)™ = x™ - y™ where m is a +ve integer and x, y are real numbers.

m m
(v) [i] = %, where m is a +ve integer and x, y are real numbers, y # 0
Y y
These laws are called Fundamental Laws of Indices.

/ x X‘x... R
Proof. (1) x:!IXxn:f( XXX . Xxxxxxx

o Ba
m factors n factors

_XXXXXX...

M_._._-.-—W—J
(m + n) factors

— x?ﬂ+”

Hence‘ xiﬂ' * xil'i o xm-HI

m m m
X SRR I W

(i) (P = v
1 factors

= yMEmEm+ . ..on times

= ymn

Hence" (Im)n = xmn

m

X

(i) XM= —

x!l

xxxxxx...mfactors

XXXxXxx... nfactors

=XXXXXX...(m-n) factors
=xm~n

Hence, Rt = gti=n

. : ) 1

Note. If m < m, them 2™ = 2" = —=——
n_'r. ¥ 1=

) XY X XY X XY X ...

(iv) (xy)™ =, |

m times

XXXXXX... XYXYX...
xiy y y ]

L 1
m times m times

— xnl’ 'e vm
Hence, (xy)™ = 2" x y™

X X X
—X—X—X,..

) [5] vy y

Y m times

XXX XXX...mtimes

yxyxyx...mtimes

m
x xm
Hence, ( = J i,
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From the above formulae, we observe that

(i) To multiply two numbers with same base and different exponents, we add the exponents
to the same base. Thus, 23 x 25 = 23+5=28

(i) When a positive integral power is raised to a positive integral power, the base is raised
to the product of the two powers.

Thus, (35)4 = 35x4 = 320
(#ii) To divide two numbers each with a positive integral exponent and with same base,
subtract the exponent of the denominator from the exponent of the numerator.

Thus, = =53 =5

(iv) The positive integral power of a product is the product of the powers of the factors.
Thus, (35)% = (7 X 5t = P x 54

(v) A positive integral power of a number expressed as a fraction is equal to power of the
numerator divided by the power of denominator.

5 5
Thus, [‘_3.] = 3_
4 4°

N ZERO EXPONENT

We know that x™ + x = x™™"

Let m=n
Then, o oyl = N = x:)
’ 1=x0

Hernce, x0 = 1
Definiti

Any non-zero base with an index zero is equal to 1 i.e. 4’ = 1 when a is any non-zero real
number.

X8 NEGATIVE EXPONENT
We know that

g XXXXXX... i I
x"=_______ where n is the positive integer
n factors

Now we shall define negative exponent in terms of fundamental laws of exponents.

We know that XM % xM = ymn
Let m=-n :
Then, M ox o=yt = 50 =
o %
X
Definiti

Any base with negative exponent is the reciprocal of the base with positive exponent i.e.

1 . ; ;
x™ = — where x is a non zero real number and 7 is an integer.
x

lfl'v.i-f}{ {‘ 5 -



-3 3
For example, a2 = lz*(g] :_13_:(2)
")
3
Example 1. Evaluate each of the following:
(i) 23 x 24 (i) (23)°
Solution. (1) 28 x 2% = 23+4 = 27 = 128
(i) (23)° =232 = 26 = 64

5\ 5% 625
(i) (_J =2 _6
2 24 16

ST IE

11 3
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11
Example 2. Evaluate each of the following:

-G @)

(7)

oy
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o T
w
A
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x
N O
=Y =%

Solution. (1)

o @ 50
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(iii) [5]
2

2

5

4

3 o i
(iv) [3]
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wm
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(i)

( 2]5 x[3]2 _(-2°x3%  (-32)x9

5 4 55442 3125x16

_ 8
3125
Example 3. Simplify each of the following:
(i A x (@’ (i) (29° x 2" - 2% x (25°
Solution. (1) (3 x ()P 2558
| -,
= 512 512
= (xa)1?
() (27)° %212 - 215 % (25)7
=293 x 913 _ 915 5 955
= 227 5 913 _ 915 o 925

= D27+13 _ 915425

=240 _ 740
=0
EXERCISE 6.1
Evaluate each of the following:
—— § ET (_;T
1. (i) (3)* % (2) (1) (12 (iif) 7
2. (i) (23?2 (i) (3% (ffi) 5% + 53
333
3. (1) (;J (i) (%) (y)? (iii) (2)°x (y°)°
4 2 3 5 4 -1
cGEHE @6
11 3 2 2 3 8,
6. (-5p%q) (-3pg®) 7. 2% 4+ 2%
g 2% -2¥ 9. 3% .35 370 .39

3

10. 5% +52 1. (23— 2%
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Sl FRACTIONAL EXPONEN |

We know that 16 = 4% or 4 is a square root of 16. We write it as /16 . 1
Similarly, 125 = 53, Therelore 5 is a cube root of 125. We write it as 1253 or 3/125.
This leads to the following definition.

Definiti

If a is any real number and n a whole number (i.e. positive integer), then x is called

7
the nth root of a if and only if x" = a and we write x = g" or Ya

By laws of indices,

1 1
a? xa? =
1

ﬂ£+1
a2 = Ja

! L l 1 1.0 133
Again, ad xad x a3 = ¢33 5 =] 43
1
it ﬂ'?' = ‘:\))/E
1
Similarly, at = ¥a
In general, we have
1 1 1 1
gi?l‘xa.’ﬂ xﬂ!”xam s o M0 fﬁCtOI‘S
Ly 1,1,
=qqm m m
n
=am =g
1
am = ma

1
Hence, a™ is the mth root of a

"n n n

Now a"xa"xa™ x ... m factors
pr :r & ::f +...m times
n
- am’”” = g
I m
a( N'l') - ﬂ-“

am = Na"
Thus, in the case of fractional exponents, numerator represents the power and the

denominator of the index represents the root.

If we perform the power operation first and root afterwards or root first and power
afterwards, we get the same result.

ie. amn = (ﬂ,]‘j)-’-}i _ (fl‘ji )H
1 1
For example, (24)2 = (16)2 =4
and (25)4=J§x\/_x\/_xﬁ =4
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Thus, we have the following laws of indices, applicable to any index positive, negative or

fractional :
1 ¥R P e 2 ("Pi= 3.0 2+ P B
mo_m
4 ()™ = g™ Y™ 5. [i] =% 6.90=1
Yy Yy
e n o
7. 5" = — 8. xm = Wx 9. xm = (x"yn=("x)"

x
Example 1. Evaluate each of the following:

1 2 -1
(i 814 (i) (64) 3 (i1d) (125) 3
) 2 1 1 1
(i) (64)3 = RPN
(64)3 [4°]3 473
T
4% 16
i 1 1
(m) (125)3 = l= 1
(1253 (5°)3
1 1
— 1 ——
53x3 5
-3 3
; 16\ 2 1 25132
o (& - oo
25 [19]2 16
5
3
5\2 ]2 (51\2%3
- 1G] [ =)
_ [5)3_@
4) 64
(25)2 x (243)

Example 2. Simplify: — 55—
(16)4 x (8)3
3

3 _ 33
(25)2x(243)5  (5°)2x(3°)5
4

Solution. 5 g 2
(16)4 x(8)3 (2%)4 x(23)3

_5%x3%  125x27

) [ 16
(o) | =i

3375

T 25404 T 32x16

512

-3
2



1 1

Example 3. Evaluate: +
3532 izt

1
Solution. 11 i ]1 T =7 +111
ylggdt gl 1 170 1
2 2 3
B
"3+273-2
6 6
1.1
S 501
6 6
~€3+6=§E
5 5
Example 4. Evaluate each of the following:
, o 16" =4 5
—4 4 '
@ (2" 6 [ B2 g QJ 5
y 81 y* V3 ) \7.
5 5 E 'ixs
4 ;1_ 1 4 T4
Solution. (i) [x—_g] =[i—4] -
y x ¢
25
_y4 4y25
R
-3
256 x16 | 4
(i7) =
81y* 256
3
_ (3%t )
44><r
= 43 12 64112
s 1y 5
(iif) V2 (6)2 22 | (6 22 32x2?
S — — =i = _— %y
V3 ) \7 11 \7 5 2
32 32
§-+2 ?
22 22
—_ E_ p— ]
32 x 72 32x7?
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Example 5. Simplify :

[+m m+n n+l
x!‘ XM X"
m * n =T
X x X
I [+m o\ P n+l
H X X X
Solution. = Rif == X | =
X x x

— (x.‘—m)Hm % (xm—u)mﬂ: % (xn-—-!)nH
= x(!—m} (l+n) o y(m=n) (m+n) x(n—i) (n+l)

12— m? m>—n? nt-1?
= X X X B

2
Pom®em?—n*sn? -2

= xO = l
Example 6. Similify:

2 2 2 2 2 3
a“+ab+b ’ b™+bc+c N +ca+a
. xb E
b *12e all
X E X
o \&+ab+ b p b +be+ e N
. X % s
Solution. = % == X | —
¥ o o
2 2 2, 3 2 2
e (xﬂ—b)ﬂ +ab+b 5 {xb—c)b +bc+c ” (xc n)c +ea+a
- x(n—b,\ (:rz+n£r+h2) 3 x(b—c)(ir2+bc+c2}x x(c—u){c2+m+ a*)
- xa3 - ” xbs“tj >< Tr3— @
_ ra3—1=3+b3—::3+03—a3
—— xo = 1
.
Example 7. If 27 = =y find the value of x.
3‘
. . . 9
Solution. We are given 7% = —=
3_
) 9
or (3%)* = .
3-
or 3% 3¥ =9
or 33x+x — 32
or 3% =33

As bases are same, exponents are equal
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4x =

R = N2

or X =

Example 8. If 25! = 5! _ 100, find n.

Soluation. We are given
25}:—1 — 52:1—] — 100
or (52)”-—1 = 52n-1 _ 100
or 52u—2 _ 52:1—] =-100
or 52”—2 - 52;1—2+1 =-100
or 52;:—2 - 52:1-2 % 5[ = =100
or 5212 [1 — 5] = -100
or 521-2 (—4) =-100
or 52:;—2 - ﬂ = 0§
-4
or 52::—2 = 52
2n-2=2
or 2n =4
n=2

Example 9. ]fa=b2‘,b=c25'andc=a2:,showﬂulxy_=%.

Solution. We are given

a = b&
b =c2y
and ¢ =a%

Substituting b = ¢% from (ii) in (i), we get
a= (62};)?_\‘ = chry

Substituting ¢ = a%* from (iii) in (iv), we get
al = (L?Z:)slx.t; = gbyyz

1 =8xyz
or XYz = —
Y 8
R 2 . 5.
Example 10. If 2 =7 " = 14, show that —=—+—
X y z
Solution.  We are given
2" =77 = 147
Let 2" =77 = 14% = k (say)

. 1
2" =k gives 2 = k*
1
Similarly, 7Y =k gives 7=k ¥

1
and 14% =k gives 14 = k*

1 1 ;|
Now, ki=14=2x7=k* x k!

- [C S E Mardewancs

(i)
...(i)
..(iif)

..(1D)

.. [Using (i) and (ii)]



or k= = k* ¢

1.1 1

zZ x ¥

1 1 1

or = = —=p

X Yy z

Example 11. If p* = ¢ = r" and g* = pr, then show that

2xz
gm=——
x4z

Solution. =~ We are given
P‘\‘ = qy = I‘: = k (Say)

1 1 1
p:k"',q: k¥ and ¥ = k=

1 1 1
Now, 4% = pr gives us (k" 2 = k¥ x k=

; 1. +._
or k'u = k -z
2 1 1
— = — 4 —
¥ X z
2 A X
or =
Y Xz
2xz 2xz
Hence, Yy = o1
Z+ X X+z

Example 12. Solve the equation:
Hh-_g-r-2
Solution.  The given equation is
22x+l _ 17 .2x _ 93
or 22541 _ 17 .2x 4+ 22 =0
or 22 .21 17 . 2* 4+ 8 =0 (1)
Let 2% = y, then 22 gl
(/) becomes
22 - 17y + 8 =0

or 22 16y -y +8 =0 [-17 = (<16) + (-1) and (=16) (1) = 2 x 8]
or 2y(y —8) - 1(y - 8) =0
or (y-82y-1)=0
or y-8=00r2y-1=0
y=8ory=—
Now y = s =D
: x =3
and y=2%= 4 = 91
: 2
x =1
Hence, x=3and x = -1



Example 13. Solve the following system of equations for x and y:

3*=9x3Yand 8 x 2¥ = 4*

Solution. The given equations are

F=9x W
and 8 x 2¥ =4*
Rewriting (i) and (ii),

3% =32 x 3¥
and 4% =23 x 2V
or 3* =324y
and 22X = Jy+3
From (iii) and (iv), we get

x=2+y
and 2x =y +3
or x=y=2=0
and 2x-y-3=0
Subtracting (v) from (vi), we get

“ x-1=0
or =1
- From (v),

1-y-2=0
or y=-1

Hence, x =1 and y = -1

Example 14. Prove that

2Mr+1 i 32m— e 5m+!f 5 611 1

Solution. L.H.S.

{C S E Mathemarics

:2m+1+n—m—(n+2)X32m—u+n-—m—mX5m+n-(n+2]—m

6™ x 10"*%x 15™ 50

2m+] % 32m—n % 5m+n x 6"

6" x lOr!+2X ]51:1

m+1 1— n+n n
2 X 32” "« 5 x2"x 3

me 3mx 2n‘+2>< 5”+2x 57y 3M

2-1x 30 x 52

(i)
...(i)

...(iif)
..(iv)



EXERCISE 6.2

Evaluate each of the following (1-4) :

1. (i) 97

2 () (16—%)”

(@]

(4x107)(6x107%)
8x10"
Simplify each of the following (5 - 18) :

22
3. (i) 22

4. (i)

a+b

5. (x2-b)

I+m m+n n+l
x! x™ $*
6. |— X | — X =
X" %" X
2 2 a+b 2 % b+c
" %A +b § xb +c § ¥
xnb xbc

(i) 27_%

(i) 6%+ 6%

(i [8—§ L2 ]1/ 2

(i) 3243 x10y° 210

+1 _2!1'
(i) 2il+2+ 2n+1

|

Lo 0572 _ 0 l)_
(i) 9 3x (5)Vx (81

(if) %/(16)'3’ 4 (125)2

) U%Tf“ } T

5 (xb—.f)b+c v (xc-ﬂ)':'“'

= a® +ab +b* b b2 +be+c? ; e +ac+a®
1 £ I A N
x % x7

c+a
Cz+ﬂ2
ca

¥ 9
9. :'+m .‘2+m2 lmx (xm+u)m2+n2—mnx (xn+f)n2+1'2—nf
ol+m L n=n Ten 1!
X 1 1
10. * m 11. a+bh * b—-a
L 1+x 1+ x
1 1
12. 1 b-a -a * -b =t " b—c a-c
o Vg x€ 14x% gy 1+x " +x
13 2.1"1'1 x 34Xx 5x+yx 25214’1 14 x—l_y-l 6(8)n+1+16(2)3"_2
: 81% x 44x+yx 10¥ ) x—Z_y—Z . 10(2)3’”1—7(8)"

52n+3 Ly (25)n+2

16.
[(125)n+1 ]2/3

16x2"*1_4 x "
e 16 x 2m+2__2x2m+2

2 - 1

325x 4 2x 83

e
27 +(64) 3

For what value of x, each of the following is true (19 - 24) ? :

19. a*.a% = g%

22. 511'+1 - 5x+3
25. If 552 .32-3 = 135, find x
27, If 32m+5 = 32m43 4 79 find m

29. If x =2 and y = 3, find the value of

o
X

(N x*+y

20. 3:r+2 = 324

23, 25% 4 2% = 3220

« () (%5
‘5 3 27

24, (23)% = (22

26. 1f 245 .5%4 = 5 _find a
28. If 2¥7 x 56 = 50, find y

(iii) x¥ + y*

Indices
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X
30. Prove that + =
B T R B R

1 1 1
2\ b b\p e Nz
31. Prove that Lb' "% x_ “% [ 2% =1
x X’ x"
32. Ifa*=b, b =candc*=a,a#0, than prove that xyz = 1

33. If2*=3Y= i, then prove that l~o~l+l =0
6° Xy z

2yz
Y-z

34, If 2¥ = 3¥ = 127, then show that x =

35. Solve the equation :
32¥+1)-2¥245=0

9” « 3Tf+2 L (27}” 1
3 3 = —,showthatn=m-1
3oMy 2 27

36. If

37. Solve for x:

(80 + %J = (06 (LCSE.)

38. Ifx= abp_l, Y= ab™ and z = abr_l, then show that x x yr_p x 21 =1

Let us Swwv up

e An exponent (index) is a number which indicates how many times another number, the base is being
used as repeated factor.

e Laws of exponents are:
® (i} xm *® :\-H — Imd-rl
(il) (xﬂl')” = x””]’

(fif) XM +x"=x"" m>n

and xM+x"= ,m<n

n—m
X

m

m
(iv) (xy)™ = x"y™ and [EJ ==
y Yy

e Ifaisany real number and 1 a whole number, then x is called the nth root of a if and only if x" = a.
1
e nth root of a is denoted by a” or ¥a.
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Check Your Progress-6

10.

11.

12.

13.

Evaluate : 50 x 471 4 g1/3 (LCSE)
By 0
64 2/3 1 m
2 —_ o) + LCSE.
Evaluate [125) 256/ (m} ( )
&)
Evaluate ; 93/2 _3 x50 [é) ’ (LCSE.)
172 9\2
Evaluate : [—] -3(8)*/3x 4%+ [—) (LCSE.)
4 16
b .
Evaluate : 163/4 + 2(-2-) x 30 (LCSE)
13 172
Evaluate : (81)3/4 - (—] +(8)1/3 [-] (2)° (LCSE)
32 2
If x=9,y=2and z = 8, then evaluate x% %y Y2 (LCS.E.)
2 -2
Evaluate as a fraction : (%Z]q - (i—] + 50 ‘ (LCSE)
1
3y 105 »
Solve th tion : — =— (LC.S.E.)
ve the equation [ s J =
3 1-2x 17
i i — =4— LECSE.
Find the value of x if ( 5) 27 ( )
3 2x+% B 1 ~ o
Solve for x : (\/Z) =3 (LCS.E.)
1-2x
Find the value of x if JE = (i] (LCSE)
q \p
Solve for x : 2350 + 3%) = 8% (LCS.E.)
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Self-Assessment Test-6

1. Simplify: (32)° + (if - (i]_m-s“xle%
81 125

2. Ifx* =y, y" =z, 2 = x, prove that abc = 1
3. Show that

" m? + i +n° n?+ln+1? % +1m+m?

: R !

X X X
— X -T X — = 1
K ” K

49”‘.-] % 7!? _ (343)” B 3

4. If = .
Z3m ok 343’ show thatm-n =1
5. If 3* = 5 = 45% show that x = BE
y—z
6. Solve the equation: gt g9
x-1 +1 1 3-x 1 2y
7. Solve the equations: 25 =5'" and [5) :(a)

8M 15m+ﬂ—l « 162m—n
6m+nx 4m—1

8. Simplify:

LN/ C S E Mathemarics



ANSWERS

Exercise 6.1

; . 1331 e 125 ; .
1. (i) 648 (i7) 1728 (i1) 343 2. (i) 64 (i) 729 (iif) 25
343 6 5
3. () — if) —x3y? iii) ()P or X300 4, — 5 —
(@) 27 (i) —x%y (iii) (xy) Y 121 486
6. 15 p’g3 7. 320 8. -256 9. 0 10. 5
11. -192
Exercise 6.2
L1 o L1 o1 "
= = P BT = = ey T
1. () 3 (i1) 3 (iff) 3x= yz 2. (i) A (i1) 3% (iif) p
3. (i) 61440 (i) l (1i1) 231 4. (1) 3 (i1) gt (iid) x
' 2 ’ 108 50
2(a® +b% +¢%) 2017 +m® +n?)
5. 1. 6.1 7. 1 8. x 9. x
10. 1 11. 1 2.1 18, 2" W g2 gy M
x+y
15. 4 16. 20 17. 4 18. % 19. 4
20. 6 21. 3 22, 2 23. 1 24. 6
25. x=3 26. a=5 27.nrz=_?1 28. y=38
27 125
29. (i) 31 (i1) 3 (iii) 17 (iv) 216 35. x=3
5
37 ¥= =
26
Check Your Progress-6
16
1 % 2 % 3. 15 4 3 5. 12
6. 31 7.6 8. —E 9, x=-7 10. x = Z
| 4 2
11. x=-4 12.3::-51 13.J¢:=“—3
4 2
Self Assessment Test-6
5 1 22m—2n+2x 53m—1
1. -46 6. x=3 7.1"_"‘5,];:5 8. 3
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